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$\Omega$ $\mathbb{R}^{m}(m\geq 2)$ $\varphi\in L^{2}(\Omega)(\varphi\not\equiv 0)$ $u=u(x, t)$
Dirichlet
$\partial_{t}u=\triangle u$ $in$ $\Omega\cross(0, \infty)$ , (1.1)
$u=0$ $on$ $\partial\Omega\cross(0, \infty)$ , (1.2)
$u=\varphi$ $on$ $\Omega\cross\{0\}$ . (1.3)
Klamkin [K] $\varphi\equiv 1$ $u$
(
) $\Omega$
Zalcman [Z] Alessandrini [Al l, A12]
[A12]
1.1 $([A12,$ Theorem $1.3|)$ $\partial\Omega$ $\triangle$
$\tau>0$ $t>\tau$ $\Omega$ $u(\cdot, t)$
$u(\cdot, \tau)$
(i) $\varphi$ $\lambda>0$
$-\triangle\varphi=\lambda\varphi in\Omega,$ $\varphi=0on\partial\Omega$ , and $u(x, t)=e^{-\lambda t}\varphi(x)for(x, t)\in\Omega\cross(O, \infty)$ .
(ii) $\Omega$ $u$ $x$ $\Omega$
1810 2012 139-152 139
(i) (ii) Alessandrini Serrin [Ser, Theorem
2, pp. 311-312] Neumann
$\partial_{t}u=\triangle u$ $in$ $\Omega\cross(0, \infty)$ , (1.4)
$\frac{\partial u}{\partial\nu}=0$ $on$ $\partial\Omega\cross(0, \infty)$ , (1.5)
$u=\varphi$ $on$ $\Omega\cross\{0\}$ (1.6)





[MSl, MS2, MS3] $\Omega$
1.2 $([MS6,$ Theorem $1.2])$ $\varphi\equiv 1$ $\Omega$
$\partial\Omega$ $\partial\Omega=\partial(\mathbb{R}^{m}\backslash \overline{\Omega})$ $D$ $\mathbb{R}^{m}$ $\overline{D}\subset\Omega$
$\Gamma$ $\partial D$ dist $(\Gamma, \partial\Omega)=$ dist $(\partial D, \partial\Omega)$
$D$ $\Gamma$ $u$ $(1.1)-(1.3)$
$\Gamma$ $u$
$u(x, t)=a(t)$ for every $(x, t)\in\Gamma\cross(0, \infty)$ (1.7)
$a$ : $(0, \infty)arrow(0, \infty)$ $\partial\Omega$
2 $\Omega$
$\varphi\not\equiv 1$ 1.1 $\Omega=\{x\in$





$u(x, t)=e^{-\lambda_{1}}t\psi_{1}(x)+e^{-\lambda_{n}}t\psi_{n}(x), (x, t)\in\Omega\cross(O, \infty)$
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$\Omega=E\cross(O, L)\subset \mathbb{R}^{m}$ $f$ : $\overline{E}arrow(0, L)$
$A=\{(x’, x_{m})\in \mathbb{R}^{m}:x’\in E, x_{m}<f(x’)\}$
Neumann
$\partial_{t}u=\triangle u$ $in$ $\Omega\cross(0, \infty)$ , (2.1)
$\frac{\partial u}{\partial\nu}=0$ $on$ $\partial\Omega\cross(0, \infty)$ , (2.2)
$u=\chi_{A}$ $on$ $\Omega\cross\{0\}$ (2.3)
$\chi_{A}$
$A$
$\frac{\partial u}{\partial x_{m}}<0$ $in$ $(\Omega\cup(\partial E\cross(0, L))\cross(0, \infty)$ (2.4)
2.1 ([MS7]) $u$ $(2.1)-(2.3)$ $g$ : $Earrow(O, L)$
$\Gamma=\{(x’, g(x’))\in \mathbb{R}^{m}:x’\in E\}$ $\Gamma$ $u$
(1.7) $a$ : $(0, \infty)arrow(0, \infty)$




$W=\{x\in\Gamma$ : dist $(x, \Omega\cap\partial A)<$ dist $(x, \partial\Omega)\}$
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Balance law ([MSl, Theorem 2.1] )
$\int_{B_{r}(p)}u(x, t)dx=\int_{B_{r}(q)}u(x, t)dx$ if $p,$ $q\in W,$ $r>0,$ $B_{r}(p)\subset\Omega$ and $B_{r}(q)\subset\Omega.$
$B_{r}(p)$ $p$ $r>0$ $tarrow 0$
$|B_{r}(p)\cap A|=|B_{r}(q)\cap A|$ if $p,$ $q\in W,$ $r>0,$ $B_{r}(p)\subset\Omega$ and $B_{r}(q)\subset\Omega.$
$|B_{r}(p)\cap A|$ $B_{r}(p)\cap A$ $m$ Lebesgue $W$
$R\geq 0$
dist $(x, \Omega\cap\partial A)=R$ for all $x\in W$
[MPS] $rarrow R$ $R=0$
$\Gamma$ $H_{\Gamma}$ $W$ $H_{\Gamma}$ $R>0$ $\Gamma$
$\kappa_{1},$
$\ldots,$





$\Omega$ $\mathbb{R}^{m}(m\geq 2)$ $\phi:\mathbb{R}arrow \mathbb{R}$ $\delta_{1},$ $\delta_{2}$
$\phi\in C^{2}(\mathbb{R})$ , $\phi(0)=0$ , and $0<\delta_{1}\leq\phi’(s)\leq\delta_{2}$ for $s\in \mathbb{R}$ (3.1)
$\partial_{t}u=\triangle\phi(u)$ $in$ $\Omega\cross(0, \infty)$ , (3.2)
$u=1$ $on$ $\partial\Omega\cross(0, \infty)$ , (3.3)
$u=0$ $on$ $\Omega\cross\{0\}$ . (3.4)
$\Phi(s)=\int_{1}^{s}\frac{\phi’(\xi)}{\xi}d\xi$ for $s>0$
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$\phi(s)\equiv s$ $\Phi(s)=\log s$ $d=d(x)$
$d(x)=$ dist $(x, \partial\Omega)$ for $x\in\Omega$
Varadhan [Va]
3.1 ([MS3, MS5]) $u$ $(3.2)-(3.4)$ $\Omega$ $\partial\Omega=\partial(\mathbb{R}^{m}\backslash \overline{\Omega})$
$-4t\Phi(u(x, t))arrow d(x)^{2}$ as $tarrow 0$ uniformly on every compact set in $\Omega.$
3.2 ([MS6]) $u$ $(3.2)-(3.4)$ $\partial\Omega$ $\Omega$ $\partial\Omega=$
$\partial(\mathbb{R}^{m}\backslash \overline{\Omega})$ $D$ $\mathbb{R}^{m}$ $C^{1}$ $\partial D$ $\overline{D}\subset\Omega$
$\partial D$ $u$
$u(x, t)=a(t)$ for every $(x, t)\in\partial D\cross(0, \infty)$ (3.5)
$a$ : $(0, \infty)arrow(0, \infty)$ $\partial\Omega$
3.1 (3.5)
3.3 $([MS6,$ Lemma $2.1])$ $R>0$
$d(x)=R$ for $allx\in\partial D$ and $\Omega=D\cup\bigcup_{x\in\partial D}B_{R}(x)=\{y\in \mathbb{R}^{N}$ : dist $(y,\overline{D})<R\}.$
3.4 ([MS6, Lemma 2.2]) $\ell\in \mathbb{R}^{N}$ $\lambda\in \mathbb{R}$ , $\pi_{\lambda}$ :
$x\cdot\ell=\lambda$ $D_{\lambda}=\{x\in D:x\cdot\ell>\lambda\}$ $\Omega_{\lambda}=\{x\in\Omega:x\cdot\ell>\lambda\}$
$\pi_{\lambda}$ $D_{\lambda}^{l},$ $\Omega_{\lambda}’$ $D_{\lambda}’\subset D$
$\Omega_{\lambda}’\subset\Omega$
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[MS3, Theorem 1.2] the method of moving
planes $\Omega$ $\mathbb{R}^{m}\backslash \overline{\Omega}$ $C^{1}$ $D$
$\mathbb{R}$m




$m=N+1$ $f\in C(\mathbb{R}^{N})$ $\Omega\subset \mathbb{R}^{N+1}$
$\Omega=\{X=(x, x_{N+1})\in \mathbb{R}^{N+1}:x_{N+1}>f(x)\}$ (4.1)
$x=(x_{1}, \ldots, x_{N})\in \mathbb{R}^{N}$ $X=(x, x_{N+1})\in \mathbb{R}^{N+1}$ $\partial\Omega=$
$\partial(\mathbb{R}^{N+1}\backslash \overline{\Omega})$ 3 $\phi$ : $\mathbb{R}arrow \mathbb{R}$ $(3.2)-(3.4)$
$u=u(X, t)$ $\triangle=\sum_{=1}^{N+1}\frac{\partial^{2}}{\partial x_{j}^{2}}j$
$\frac{\partial u}{\partial x_{N+1}}<0$ in $\Omega\cross(O, \infty)$ . (4.2)
Liouville
4.1 $([Sak3,$ Theorem $1.1])$ $u$ $(3.2)-(3.4)$ $\mathbb{R}^{N}$
$\{y^{1}, y^{2}, \ldots, y^{N}\}$ $j=1,$ $\ldots,$ $N$ $x$ $f(x+y^{j})-f(x)$
$\mathbb{R}^{N}$ $\Omega$ $\Gamma$
$\Gamma$ $u$ $f$ $x$ 1 $\partial\Omega$
4.2 4.1 Berestycki, Caffarelli, and Nirenberg [BCN] the slid-
ing method [Sak3] [$MS$5, Theorem 2.3
and Remark 2.4, $P$ . 240] $f$ $y\in \mathbb{R}^{N}$
$h(y)\in \mathbb{R}$
$\lim_{|x|arrow\infty}[f(x+y)-f(x)]=h(y)$ (4.3)
(4.3) [BCN, (7.2), P. 1108] $(h(y)\equiv 0)$
$N=1$ $f(x)=ax+b+\sin x(a, b\in \mathbb{R})$ 4.1
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$\lambda 2\pi$ (4.3) $f(x)=ax+b+\sin x\tan^{-1}x(a, b\in \mathbb{R})$
4.1 $\mathbb{R}$ Lipschitz
$\phi(s)\equiv s$
$\partial_{t}u=\triangle u$ $in$ $\Omega\cross(0, \infty)$ , (4.4)
$u=1$ $on$ $\partial\Omega\cross(0, \infty)$ , (4.5)
$u=0$ $on$ $\Omega\cross\{0\}$ (4.6)
Liouville
4.3 $([Sak3,$ Theorem $1.3])$ $u$ $(4.4)-(4.6)$ $\Omega$
$\Gamma$ $\Gamma$ $u$ $N\leq 2$
$\{|f(x)-f(y)|:|x-y|\leq 1\}$ $f$ $x$ 1 $\partial\Omega$
4.4 $f$ $\mathbb{R}^{N}$ Lipschitz $\Omega$
[$MS4$ , Theorem 1.1 (ii), P. 1113] [MS6, Lemma 3.1]






$d(X)=$ dist $(X, \partial\Omega)$ for $X\in\Omega$
4.5 ([MS6, Lemma 3.1]) :
(1) $R>0$ $X\in\Gamma$ $d(X)=R$
(2) $\Gamma$
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(4) $\kappa_{1}(x),$ $\ldots,$ $\kappa_{N}(x)$ $\partial\Omega$ $(x, f(x))\in\partial\Omega$
$\max_{1\leq j\leq N}\kappa_{j}(x)<\frac{1}{R}$ for every $x\in \mathbb{R}^{N}$ . (4.7)
(5) $c>0$
$\prod_{j=1}^{N}(1-R\kappa_{j}(x))=c$ for every $x\in \mathbb{R}^{N}$ . (4.8)
(1) Varadhan[Va] :
$-4t\log u(X, t)arrow d(X)^{2}$ as $tarrow 0$ uniformly on compact sets in $\Omega$
(2) $N=1$ (5) 4.3
$N\geq 2$ 4.5 [Sak2, Lemmas 4.2 and 4.3, p. 891
and p. 892] $F(s)=( \prod_{j=1}^{N}Sj)^{1/N}$
4.6 $([MS6,$ Lemma $3.2])$ $H_{\partial\Omega}$ $H_{\Gamma}$ $\partial\Omega$ $\Gamma$





$N\geq 3$ $\{|f(x)-f(y)|:|x-y|\leq 1\}$
4.5 (3)
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4.7 $([Sak3,$ Lemma $3.3])$ 2
(i) $Y\in\Gamma$ $X\in\partial\Omega$ $Y\in\partial B_{R}(X)$ $B_{R}(X)\subset$
$\mathbb{R}^{N+1}\backslash \overline{D}$ ;
(ii) $X\in\partial\Omega$ $Y\in\Gamma$ $X\in\partial B_{R}(Y)$ $B_{R}(Y)\subset\Omega.$
$f$ $g$
$g(x)= \sup_{|x-y|\leq R}\{f(y)+\sqrt{R^{2}-|x-y|^{2}}\}$ for every $x\in \mathbb{R}^{N}$ , (4.10)
$f(x)= \inf_{|x-y|\leq R}\{g(y)-\sqrt{R^{2}-|x-y|^{2}}\}$ for every $x\in \mathbb{R}^{N}$ . (4.11)
(4.10) 4.5 (1) (4.11) 4.5 (1) 4.7 (ii)
$\{|f(x)-f(y)|:|x-y|\leq 1\}$ $\{|g(x)-g(y)|:|x-y|\leq 1\}$
4.6
$\mathcal{M}(f)\leq 0\leq \mathcal{M}(g)\equiv div(\frac{\nabla g}{\sqrt{1+|\nabla g|^{2}}})$ $in$ $\mathbb{R}^{N}$ (4.12)
$n\in \mathbb{N}$ $B_{n}=\{x\in \mathbb{R}^{N}:|x|<n\}$ [$GT$ , Theorem 16.9, pp. 407-408]
$n\in \mathbb{N}$ 2 $f_{n},$ $g_{n}\in C^{2}(B_{n})\cap C(\overline{B_{n}})$
$\mathcal{M}(f_{n})=\mathcal{M}(g_{n})=0$ in $B_{n},$
$f_{n}=f$ and $g_{n}=g$ on $\partial B_{n}.$
$n\in \mathbb{N}$ $z_{n}\in\partial B_{n}$
$f_{n+1}\leq f_{n}\leq f<g\leq g_{n}\leq g_{n+1}$ and $g_{n}-f_{n}\leq g(z_{n})-f(z_{n})$ in $B_{n}$ . (4.13)
$\{|f(x)-f(y)|:|x-y|\leq 1\}$ (4.10) $g-f$ $\mathbb{R}^{N}$
(4.13) $C_{*}>0$
$g-C_{*}\leq f_{n}\leq f$ and $g\leq g_{n}\leq f+C_{*}$ in $B_{n}$ for every $n\in \mathbb{N}$ . (4.14)
$\{|f(x)-f(y)|:|x-y|\leq 1\}$ $\{|g(x)-g(y)|:|x-y|\leq 1\}$
([GT, Corollary 16.7, p. 407]), (4.14),
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(4.13) $n$ [Sak2, pp. 893-894] 2
$f_{\infty},$ $g_{\infty}\in C^{\infty}(\mathbb{R}^{N})$
$\mathcal{M}(f_{\infty})=\mathcal{M}(g_{\infty})=0in\mathbb{R}^{N},$
$|\nabla f_{\infty}|$ $|\nabla g_{\infty}|$
$\mathbb{R}^{N}$
$f_{n}arrow f_{\infty}$ and $g_{n}arrow g_{\infty}$ as $narrow\infty$ uniformly on every compact set in $\mathbb{R}^{N}.$
Moser [$Mo$ , Corollary, p. 591] $f_{\infty}$ $g_{\infty}$ $x$ 1
f$\infty$ $g_{\infty}$ $\eta\in \mathbb{R}^{N}$
$f_{\infty}(x)=\eta\cdot x+f_{\infty}(O)$ and $g_{\infty}(x)=\eta\cdot x+g_{\infty}(O)$ for every $x\in \mathbb{R}^{N}$ . (4.15)
$f_{\infty}\leq f<g\leq g_{\infty}$ in $\mathbb{R}^{N}$ , (4.16)
$f(z_{n})-f_{\infty}(z_{n})$ and $g_{\infty}(z_{n})-g(z_{n})arrow 0$ as $narrow\infty$ . (4.17)
(4.16) (4.13) $n\in \mathbb{N}$
$g_{n}(0)-f_{n}(0)$ $\leq$ $g(z_{n})-f(z_{n})\leq g_{n+1}(z_{n})-f_{n+1}(z_{n})$
$\leq g(z_{n+1})-f(z_{n+1})\leq g_{\infty}(z_{n+1})-f_{\infty}(z_{n+1})=g_{\infty}(0)-f_{\infty}(O)$
$g(z_{n})-f(z_{n})arrow g_{\infty}(0)-f_{\infty}(O)$ as $narrow\infty$ . $narrow\infty$
$(f(z_{n})-f$ $(z_{n}))+(g_{\infty}(z_{n})-g(z_{n}))=(g_{\infty}(0)-f_{\infty}(0))-(g(z_{n})-f(z_{n}))arrow 0.$
(4.17)
$f\equiv$ g $\equiv$ g$\infty$ 4.7
4.8 ( [Sak3, Lemma 3.4]) 3 $\epsilon_{0}>0,$ $\delta_{0}>0,$ $C_{0}>0$
(1) $Z\in \mathbb{R}^{N}$ $(0\leq)g_{\infty}(z)-g(z)\leq\epsilon_{0}$ $\sup_{|y-z|\leq\delta_{0}}|\nabla g(y)|\leq C_{0}$ ;




4.7 (i) (1) 4.7 (ii) (2) $R$
[Sak3]
4.9 ([Sak3, Lemma 3.5]) 2
(i) $g_{\infty}(x+z_{n})-g(x+z_{n})arrow 0$ as $narrow\infty$ un ormly on every compact set in $\mathbb{R}^{N}$ ;
(ii) $f(x+z_{n})-f_{\infty}(x+z_{n})arrow 0$ as $narrow\infty$ uniformly on every compact set in $\mathbb{R}^{N}.$
4.3 (4.16) 4.7 4.9 2
g$\infty$ f$\infty$ $R$
$f\equiv f_{\infty}$ g $\equiv$ g$\infty$ 4.9
4.9 :(i)
$G_{n}(x)=g(x+z_{n})-g(z_{n})$ for $x\in \mathbb{R}^{N}$ and $n\in \mathbb{N}$
$n\in \mathbb{N}$ $G_{n}(0)=0$ (4.17) $g_{\infty}(z_{n})-g(z_{n})arrow 0$ as
$narrow\infty$ . 4.8 (1) $N_{0}\in \mathbb{N}$ $\{G_{n}:n\geq No\}$
$\overline{B_{\delta_{0}}(0)}(\subset \mathbb{R}^{N})$ Arzel\‘a-Ascoli $\{G_{n’}\}$
$G_{\infty}\in C(\overline{B_{\delta_{0}}(0)})$
$G_{n’}arrow G_{\infty}$ as $narrow\infty$ uniformly on $\overline{B_{\delta_{0}}(0)}$ . (4.18)
$G_{\infty}(0)=0$ (4.12) $\mathcal{M}(G_{n})\geq 0$ in $\mathbb{R}^{N}$




$G_{\infty}(x)\leq\eta\cdot x$ $in$ $\overline{B_{\delta_{0}}(0)}$. (4.19)
$\mathcal{M}(\eta\cdot x)=0\leq \mathcal{M}(G_{\infty})$ in $B_{\delta_{ }}(0)$ $\eta\cdot 0=0=G_{\infty}(0)$
Giga and Ohnuma [GO, Theorem 3.1, $P$ . 173]
$G_{\infty}(x)\equiv\eta\cdot x$ in $\overline{B_{\delta_{0}}(0)}.$
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$G_{\infty}$ $(418)$




$g_{\infty}(x+z_{n})-g(x+z_{n})arrow 0$ as $narrow\infty$ uniformly on $\overline{B_{\delta_{0}}(0)}$ . (4.21)
4.8 (1) $z\in\partial B_{\delta_{ }}(0)$
$B_{\delta_{0}}(0)$ $B_{\frac{3}{2}\delta_{0}}(0)$ (4.21)
(i)
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